A special relativistic perturbation to non-relativistic quantum mechanics is shown to lead to the special relativistic prediction for the rate of precession for quantum states in the Coulomb potential. This behavior is shown using SO(4) coherent states as examples. These states are localized on Kepler ellipses and precess in the presence of a relativistic perturbation.
Introduction
It is well known that the precession of the perihelion of Mercury's orbit is an important experimental test of general relativity. The total rate of precession is 574 arcseconds per century, all but about 43 of which (5 × 10 −7 rad/period) may be accounted for by Newtonian perturbation [1] . A general relativistic calculation was first accomplished by Einstein in 1915, and a modern treatment with accurate values for the relevant constants gives 42.98 arcseconds per century [2, 3] . Clearly, general relativity passes this test, although some authors argue that contributions to the precession due to the solar quadrupole moment has been understated [4] .
A similar calculation may be carried out in the context of special relativity, a calculation which dates back at least as far as 1921 by Sommerfeld [5] . In the context of calculating the fine structure of the hydrogen atomic spectrum in the old quantum theory, Sommerfeld calculated the classical rate of precession due to a special relativistic treatment of the kinetic energy of a "spinless" electron the Coulomb potential. This calculation yielded a rate of precession which is diminished from the general relativistic rate by a factor of six, confirming that special relativity does not give a complete treatment of relativistic effects. (Sommerfeld's calculation ignored electron spin in part because it was not described until 1925 by Uhlenbeck and Goudsmit.)
Nonetheless, turning to quantum mechanics, relativistic effects may be partially incorporated into nonrelativistic behavior through a perturbation to kinetic energy motivated by special relativistic considerations. (The rest originates from spin-orbit coupling, presently ignored.) Therefore, when making comparisons between classical and quantum calculations, the relativistic quantum mechanical calculation aught to be compared to the special relativistic calculation, even though the general relativistic calculation is likely closer to the truth.
With the fine structure representing the most obvious quantum mechanical appearance of relativistic effects, and precession of orbits representing an important classical manifestation of relativistic effects, the question arises, may one of these be described in terms of the other? As shown below, the classical special relativistic prediction is recovered from a quantum prediction derived through a special relativistic perturbation to non-relativistic quantum mechanics.
In order to carry through the calculations of these estimates, one requires a few assumptions regarding the quantum wave functions under consideration. In order to test these assumptions, there exist the SO(4) coherent states. These states, generalizations of the standard harmonic oscillator coherent states [6] , are quantum in description yet localized around the classical, elliptical orbits [7] . After testing for the assumptions mentioned above, a sample state may be evolved to ascertain whether or not the calculated estimates are borne out under quantum evolution.
This gives the classical period of a classical trajectory with energy E 0 n exactly, a circumstance closely connected to the success of Bohr-Sommerfeld quantization in hydrogenic atoms. Also, for hydrogenic wave functions, radial expectation values are given by
Substitution of this value into T cl yields
a quantum approach, if you will, to Kepler's third law. Thus, the linear term in Eq. (5) contributes integer multiples of 2π in phase at t = T cl . If this were all, the state at t = T cl would equal the original (up to an overall phase factor). This is not all: The quadratic contribution provides a "dephasing" influence. If this contribution is small, the state at t = T cl will closely resemble the original state. Evaluating the quadratic contribution at the edge of the distribution in n (n = n + ∆n) at t = T cl yields the "test quantity"
If δφ ≪ 2π, after one classical period, the state approximately reassembles its initial self. In the special case of a state localized in position and momentum, Ehrenfest's equations indicate an initial trajectory which follows a classical trajectory. In the additional case that δφ is small, the state achieves at least a full period of behavior approximating classical behavior. Now treating the relativistic perturbation to kinetic energy Eq. (4), suppose the system is now in a state composed of eigenstates pertaining to the same n, degenerate in the unperturbed system. Then, the expansion about ℓ = ℓ of the perturbation Eq. (4) is given by
Consistent with the argument that a perturbative approach to calculating energy levels is appropriate, the value of E
(1) n,ℓ is small compared to E (0)
n , so that time evolution due to E
n,ℓ will be slow on the scale of T cl . Indeed, following the calculation of T cl above, the term independent of (ℓ − ℓ ) of Eq. (12) leads to overall phase factors, and the linear term leads to integer multiples of 2π when
This may be written in terms of T cl , yielding
Continuing the analogous arguments which lead to Eq. (11), the quadratic term of Eq. (12) evaluated at t = T p at the edges of the distribution in ℓ yields the test parameter
Hence, if δφ is small, then the state at t = T p will approximately resemble the state at t = 0. From Will [3] , the classical rate of perihelion precession according to a general relativistic calculation is given by
measured as a change in angle per classical period of the vector pointing from perihelion to aphelion. In this expression, G is the gravitational constant, M is the (large) mass of the source of the gravitational field, m is the (small) mass of body in orbit, and L is the orbital angular momentum of the orbiting body. The special relativistic calculation of the rate of precession is (from Bergmann [13] )
As mentioned earlier, special relativity is not a complete relativistic description of space; the general relativistic calculation is the correct one, agreeing with the observed precession of Mercury. Using the relation
the quantum prediction of the same measurement is given by, from Eq. (15),
To compare this rate with the astrophysical calculations, replace the strength of the Coulomb potential (Ze 2 ) with that of the Kepler problem (GM m), and note that the total angular momentum squared will be close toh
2 ) 2 given the above assumptions that ℓ is large and (∆ℓ) 2 is small:
These substitutions yield for the quantum estimate of the rate of precession
in complete agreement with the special relativistic estimate as anticipated. This agreement remains after two first order approximations: one through the perturbative approach leading to Eq. (4), and the other in the expansion of Eq. (4) about ℓ = ℓ .
SO(4) coherent states
The useful coherent states in this context are those developed by Perelomov [14, 15] as generalizations of the standard coherent states for the harmonic oscillator [6] . This generalization rests upon the group structure of the system in question. In the case of the hydrogen atom, the dynamical group is SO(4,2) [16, 17] . For a pedagogical review, see Adams et al. [18] . For the present purposes, it is not necessary to engage the entire group; one only requires the degeneracy group SO(4). Treatments of coherent states of this description are existent in the literature [7, 12] . The realization of SO(4) which describes the degeneracy of the hydrogen atom spectrum is given by the elements of the angular momentum operator and those of the scaled Laplace-Runge-Lenz vector. The classical version of the Laplace-Runge-Lenz vector is proportional in magnitude to the eccentricity of the orbit in question, aligned parallel to the major axis. The corresponding quantum operators in atomic units are given by [18] 
All of these operators commute with the Hamiltonian, leading to conservation of these quantities under time evolution. Conservation of angular momentum is to be expected in this (spherically symmetric) potential, but conservation of the latter (a simple derivation of which is given by Wulfman [19] ) is a unique property of the non-relativistic Coulomb potential. The classical interpretation of the constancy of the Laplace-Runge-Lenz vector is that elliptical orbits do not precess. These operators satisfy the commutation relations
These six operators may be decoupled into two groups of three operators viâ
which commute according to
In terms of these new operators, it is clear that SO(4) = SO(3) ⊗ SO(3).
The group SO(4) has two Casimir operators, given bŷ
In the hydrogenic realization of this group,Ĉ 2 = 0 so that quantum mechanically and classically, angular momentum is perpendicular to the Laplace-Runge-Lenz vector. The second Casimir operator also indicates that the dimensions of the irreducible representations of the SO(3) generated by theM k and by theN k are equal (say, to n = 2j + 1) so that the dimensions of the relevant unitary irreducible representations of SO(4) are n 2 , the famous degeneracy of the hydrogen atom energy spectrum. With this in mind, the first Casimir operator is equal toĈ
representing a constraint on the sum L 2 +Â 2 . Turning to the SO(4) coherent states, the reader is referred to the references for details omitted in the following [6, 15, 20] . Since SO(4) = SO(3) ⊗ SO(3), the SO(4) coherent states may be expressed as the direct product of two SO(3) coherent states which are themselves standard in the literature. The SO(3) coherent states are given by
parameterized by the complex valued ζ. In these states, expectation values of the angular momentum operators are given by Ĵ = 2j 1 + |ζ| 2 Re(ζ), −Im(ζ),
withĴ standing forM orN as the case may be. With these expressions in mind, the SO(4) coherent states are given by |n,
Here, n = 2j + 1, and ζ 1 and ζ 2 parameterize the SO (3) For the purpose of visualization, spherical symmetry permits setting L parallel to the z-axis and Â parallel to the x-axis. The former is accomplished by taking ζ 2 = −ζ 1 , and the latter follows through Im(ζ 2 ) = Im(ζ 2 ) = 0. These identifications reduce the problem to the variation of a single real parameter, say η = Re(ζ 1 ). In terms of this parameter, expectation values are given by
Classically, the magnitude of the Laplace-Runge-Lenz vector is proportional to the eccentricity of the orbit in question. Taking ǫ to be the eccentricity of the classical orbit which underlies the quantum state, one finds that
Also in terms of η, the total angular momentum may be expressed as Hence, given a value of η, the approximate geometry is given by Eq. (35), with a semi-major axis given by Eq. (9).
Precessing Coherent States
The value of the test parameter δφ given by Eq. (16) is expressible in closed form for these SO(4) coherent states. Recall that with expectation values taken in an SO(3) coherent state,
and that (∆ℓ)
sinceM j andN j commute. With these in mind, and dropping the 1 2 from the denominator of δφ since ℓ is large, one finds
Clearly, the precession is in some sense the best η = 0 or as η → ∞, but in either case, the precession will not be observed since, from Eq. (35), the eccentricity will be nil: There is a certain tradeoff between the observability and "coherence" of the precession measured by δφ. In fact, it is convenient to express δφ in terms of ǫ from Eq. (35) so as to connect this test with a more physical or geometrical quantity:
(In this expression, the positive sign is appropriate for η > 1 and the negative for η < 1.) Plotting this expression in Figure 2 , one sees that as the eccentricity increases, the degree to which the wave functions remain assembled decreases.
For some examples of precessing coherent states, examine Figure 3 . This figure depicts a mesh plot of an SO(4) coherent state at t = 0, and a series of overlayed contour plots showing states precessed from t = 0 to t = 1 4 T p . To appreciate the physical scale of these simulations, the field of view in all cases is 4.23 µm across and with states in the 141st energy level, the classical period is 4.25 × 10 −10 seconds. In Figure 3 (b), with ǫ = 0.385, the precession period is 0.266 seconds or 6.26 × 10 8 classical periods, which on atomic scales, is a very long time. In the subsequent images, the rate of precession is larger owing to the larger eccentricity such that the precession period of the state depicted in Figure 3(d) is 0.164 seconds, still an epoch in atomic terms.
As apparent from the images, the rate of precession is good agreement with the special relativistic prediction. In the case of Figure 3(b) , though only shown until t = 1 4 T p , the state remains localized on the ellipse up to the full period of the precession. Not surprisingly, for increased eccentricities, the degree of "coherence" of the state decreases, leading to the decay of the state as depicted in Figure 3 (d) after only a quarter precession period.
Conclusions
An important point to be noted about the precession of these states is that the rate is neither the correct general relativistic rate as observed in the case of Mercury, nor the correct rate for an atomic system since the present treatment ignores spin orbit coupling. The present effort, however, is not oriented towards making a physical prediction to be tested in the laboratory. The purpose has been to show that a simple analysis of a quantum perturbation can reproduce the results of a more involved classical analysis. In particular, a special relativistic perturbation to non-relativistic quantum mechanics leads to an agreement with classical special relativity in a large quantum number limit. A similar notion of agreement may be found in the work of McRae and Vrscay [21] who have studied correspondence between quantum and classical perturbation schemes. In their work, as well as in the present paper, it transpires that the simplest route to the determination of a classical perturbation may be through the classical limit of a quantum perturbation.
Planetary extrapolations of quantum mechanics (which include, for example, the observation that the earth is at about the 2.5 × 10 74 th eigenlevel of the sun-earth system) are often found in papers, especially those dealing with hydrogenic coherent states [22, 23, 24] . Such extrapolations are useful for considering the large scale implications of trends observed deep in the quantum regime. With the present considerations in mind, the special relativistic perturbation, which correctly accounts for part of the hydrogenic fine structure, generates the incorrect rate of precession for a planetary body. This theory gives a rate of precession for Mercury amounting to only 7.2 arcseconds per century. This failure, in principle, is no surprise: to do any better from a quantum mechanical starting point would likely require quantum gravity. 
